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'nI" ■ Abstract 

! Between Snyder's quantized space-time model in de Sitter space of momenta and the dS special relativity 

(N 

, on (i5-spacetime of radius R with Beltrami coordinates, there is a one-to-one dual correspondence supported 

• by a minimum uncertainty-like argument. Together with Planck length £p, R ~ should be a 
' fundamental constant. They lead to a dimensionless constant ipR~^ = (Ghc~^A/3y^^ ~ 10~^^. These 
■ indicate that physics at these two scales should be dual to each other and there is in-between gravity of 
_ local dS'-invariance characterized hj g. A simple model of dS-gravity with a gauge-like action on umbilical 

Q i manifolds may show these characters. It can pass the observation tests and support the duality. 
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I. INTRODUCTION 

Long time ago, Snyder [1] proposed a quantized space-time model. In his model, Snyder started 
with a projective geometry approach to the de Sitter((iS')-space of momenta with a scale a, which is 
proportional to h/a in [1], near or equal to the Planck scale. The energy and momentum of a particle 
were identified with the inhomogeneous projective coordinates. Then, the spacetime 'coordinates' 
were naturally defined as 4-'translation' generators of dS-algehia. so(l, 4) in dS-space of momenta 
and became noncommutative. It is important that there is a new kind of uniform 'velocity' motions 
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with constant 'group velocities' for some 'wave packets' in the model. In addition, it may indicate 
that correspondingly there is a new kind of uniform coordinate velocity motions for some particles 
in the (iS-spacetime [2-13]. But, this was not recognized. 

Recently, in order to explain the Greisen-Zatsepin-Kuz'min effects the doubly/deformed special 
relativity (DSR) has been proposed [14]. In DSR, there is also a large energy-momentum scale n near 
the Planck energy, related to a in Snyder's model in addition to c. Soon, it is found that there is a close 
relation between Snyder's model and DSR. In fact, DSR can be regarded as generalization of Snyder's 
model [15]. And, most DSR models with K-Poincare algebra can be realized geometrically by means 
of particular coordinate systems on (iS'/Minkowski(MmA;)/y4(i5'-space of momenta [15] other than 
the inhomogeneous projective coordinates used by Snyder's model in ciS-space of momenta. Thus, 
there is a kind of coordinate transformations from Snyder's model to some of DSR on (iS'-space of 
momenta and vise versa. 

In fact, the projective geometry approach to (iS'-space is basically equivalent to the Beltrami- 
like model (Beltrami model for short). Historically, de Sitter [16] first used the Beltrami coordinates 
[17, 18] for his solution of constant curvature, the rfS'-spacetime, in the course of debate with Einstein 
on 'relative inertia'. Later, Pauli [19] mentioned this metric in Euclidean signature. 

In his first paper [20], Einstein assumed the rigid ruler at rest be Euclidean. For free space in 
large scale, it has less observation basis since it is not supported by the asymptotic behavior of our 
universe [22, 23]. Actually, once Einstein's Euclid assumption is released, there should be three kinds 
of special relativity with /^(^(l, 3), 5*0(1, 4), S'0(2, 3)-invariance on MmA;/(i5'/y4(i5'-spacetime, re- 
spectively. This is in analogy with the remarkable historic issue on Euclidean fifth axiom. Once 
the axiom is weakened, there are Euclid, Riemann and Lobachevski geometries of zero, positive and 
negative constant curvature on an almost equal footing. In these 4-dimensional geometries, say, there 
is a kind of special coordinate systems, respectively. In these coordinates, the points, straight-lines of 
linear form, metric and other geometric objects are invariant or transformed among themselves un- 
der linear transformations of /S'0(4)-invariance or fractional linear transformations with a common 
denominator (FLTs) of S"© ( 5 ), S'0( 1, 4) -invariance, respectively. For Lobachevski plane, Beltrami 
[17] first introduced such coordinates. Then, changing the metric to physical signature by an in- 
verse Wick rotation [5], these spaces become Mink-, dS- and AdS-spacetime with invariance of 
/5'0(1, 3), 5*0(1, 4) and 50(2,3), respectively. And the geometric objects such as points, straight- 
lines and Euclid or Beltrami-metric become corresponding events, straight world-lines and Mink- or 
Beltrami-metric with signature of (+, — , — , — ), respectively. 

For Euclid's counterpart, there is Einstein's special relativity in Mink-spa.ce based on the principle 
of relativity and the postulate on universal invariant of the speed of light c. What should correspond 
to the other two non- Euclidean counterparts? Those are just two other kinds of special relativity 
on dS /AdS-space based on the corresponding principle of relativity and the postulate on universal 
constants of the speed of light c and the curvature radius R. 

More concretely, say, for dS-space with radius R, Beltrami coordinates are in analogy with Mink- 
coordinates on Mink-space. It is precisely the Beltrami model of a (i5-hyperboloid Hji in a 5-d 
Mink-space dS ^ Hr C M^'^. Via Beltrami coordinate atlas, the dS-space can be covered patch by 
patch, in which particles and light signals move along the timelike or null geodesies being straight 
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world-lines with constant coordinate velocities in each patch, respectively. And all these properties 
are invariant under FLTs of 5*0(1,4) symmetry among Beltrami-systems. In the light of inertial 
motions in both Newtonian mechanics and Einstein's special relativity, these particles and signals 
should be in free motion of inertia without gravity. Accordingly, the Beltrami coordinates and 
observers should also be of inertia and there should be the principle of relativity in (iS'-spacetime. 

In 1970, Lu [2] first noticed these important properties and began to study c/S'/Ac/S'-invariant 
special relativity on dS / AdS-spa.ce {dS/AdS special relativity for short), respectively [3]. Recently, 
promoted by the observations on our dark universe, the studies are being made further [4-13]^. 

It is interesting to see that in terms of the Beltrami model of dS-spa.ce (denoted as BdS-space) [2- 
6, 16, 19], there is a dual one-to-one correspondence between Snyder's quantized space-time model 
[1] as a DSR [14, 15] and the dS special relativity [2-7]. Actually, the dS special relativity can 
be regarded and simply formulated as a spacetime-counterpart of Snyder's model for d^-space of 
momenta so long as the constant a in Snyder's model as dS'-radius of momenta near the Planck scale 
is replaced by R as radius of (iS'-spacetime. Furthermore, via the constant a in Snyder's model (or 
K in DSR) or Planck length ip and the cosmological constant A, a dimensionless constant g can be 
introduced: 

,2 ^2/^2 ^g2^ Ghc~'A/3 = ip^R-' - 10-122_ 

Since Newton's gravitational constant appears, g should describe gravity with local dS'-invariance 
between these two scales. In fact, this dimensionless constant g has been appeared in a simple model 
of dS-gravitj with rfS'-algebra as gauge algebra [24-27] to characterize self-interaction of gravity with 
local (iS'-invariance. In addition, an uncertainty-like argument can be given via a 'tachyon' dynamics 
in embedded space, which may support the dual one-to-one correspondence. 

Based upon these important properties we may expect that there should be a duality between 
physics at the scale of Planck length ip = {Ghc~^Y^'^ and rfS'-radius R = (3/A)^/^ with the cos- 
mological constant A regarded as a fundamental one in the nature. That is, physics at such two 
fundamental scales are dual to each other in some 'phase' space, and in-between there is gravity of 
local (iS-invariance characterized by the dimensionless constant g. 

Thus, there no longer exist the puzzle on A as the ordinary 'vacuum energy' in the viewpoint of 
dS special relativity and the duality above. This is due to that the concept of 'vacuum' now is dS 
invariant and that the so-called 'vacuum energy' calculated in the Mink-space becomes improper. In 
the viewpoint of ^5* special relativity, the puzzle should be: what is the origin of the dimensionless 
constant g and is it calculable? 

In the point of view of general relativity, there is no room for the special relativity on dS/AdS- 
space. In the point of view of dS / AdS special relativity, however, there is no gravity on dS / AdS- 
space. As is just explained, this 'funny' stuff in Einstein's relativity is in analogy with the remarkable 
historic issue on Euclid fifth axiom. Thus, we should explain how to describe gravity in the point of 
view of dS/AdS special relativity. 



Recently, another version of dS special relativity has been proposed [21], but the principle of relativity, inertial 
frames and the transformations among them are not mentioned there. 
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In parallel with the local Poincare gauge theory of gravity [29-31], we suggest that gravity should 
be based on the localization of dS special relativity and described by a gauge-like dynamics charac- 
terized by the dimensionless constant g. We show how to localize the (i5'-hyperboloid H^^ C M^'^ at 
each events on a kind of umbilical manifolds of local (iS'-invariance and also very briefly introduce 
a simple model with a Yang-Mills type action [24-27] of such gravity with local (iS'-invariance. We 
show that this model support the duality and also provide some hints on above questions on the 
dimensionless constant g. 

This paper is arranged as follows. We first review the general properties of the Beltrami model 
of 4-d Riemann-sphere and of the Beltrami model of dS'-space via an inverse Wick rotation in Sec. 
II. Next, we recall some important relevant issues in dS special relativity in terms of the Beltrami 
model of ciS'-spacetime and in Snyder's model of quantum space-time (together with DSR) in terms 
of the Beltrami model of dS-space of momenta, respectively, in Sec. Ill and IV. Then, we show 
that there is a dual one-to-one correspondence between Snyder's model and dS special relativity, 
which is supported by a minimum uncertainty-like argument indicated by a 'tachyon' dynamics and 
propose the duality for physics at and in-between the two scales in Sec. V. In Sec. VI we explain 
how to describe gravity based on localization of dS special relativity and introduce a simple model of 
(iS'-gravity briefly on a kind of umbilical manifolds. Finally, we end with some concluding remarks. 

II. BELTRAMI MODEL OF RIEMANN-SPHERE AND DE SITTER SPACETIME 
A. Beltrami Model of Riemann-Sphere 

A 4-d Riemann-sphere 5* can be embedded in a 5-d Euclid space 

S': 5ABi^e = l^>Q. A, 5 = 0, ■■■,4, (2.1) 
ds\ = dABd^^d^^ = di'Xdi. (2.2) 

They are invariant under rotations of 5*0(5): 

^ ^ ^' = 5*^, S'IS = X, G S0{5). (2.3) 

A Beltrami model Bi of is the intrinsic geometry of 5"^ with Beltrami coordinate atlas. In a 
patch, say 

x^:=/p, e'>0, /i = 0,---,3. (2.4) 

To cover Bi ~ 5*^, one patch is not enough, but all properties of 5*^ are well-defined in the Bi patch 
by patch with 

aE{x) := aE{x, x) = 1 + r'^d^^x^x" > 0, (2.5) 
= {^f^uCTE^ix) - r^aE^{x)Sf,xx^SuKx'^}dx^dx'' . (2.6) 
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It is clear that the inequahty (2.5) and the Beltrami metric (2.6) are invariant under FLTs among 
Beltrami coordinates x^, which can be written in a transitive form sending the point A[a^) to the 
origin 0{o'^ = 0), 

x^^x^ = ±4^^(a)(T^^(a,x)(x"-a^)iV^, (2.7) 
ATA* = 0^-l-%^a''a\aE{a)+a]^\a))-'0''^, 
O ■= (O^:) e S0{4). 
There is an invariant for two points A{a'^) and B{b^) on Bi 

A|,,(a,6) = -f[al\a)a-^\b)al{a,b) - 1]. (2.8) 



The arc-length of the geodesic segment AB connecting A and B is 

L{A,B)=[ dsE = laTcsm{\AE,i{a,b)\/l). (2.9) 

J A 

It may also be written as 

L{A,B)= dsE= dx^'^g^.x^x^ (2.10) 

J A Ja^^ 

where x^ := dx'^/dx^ and g^u is the Beltrami- metric. From its variation, it follows a geodesic equation 
or alternatively 

where TZukXi^ is Riemann curvature tensor. 6L{A, B) = and 6x^ = on the initial and final 
hypersurfaces give rise to the equation of motion 

d dx^ 



ds dx^ 

which results in 

dx"- 



0, (2.12) 



consts. (2-13) 
dx^' 

Integrating it further gives 

= a'x^ + p'; a\ (3' = consts. (2.14) 

Namely, the geodesies as shortest curves in Beltrami model of Riemann sphere are straight-lines in 
linear form. In fact, Eq. (2.13) can be obtained directly from the first integral of geodesic equation, 

:= cr'^^ix)—— = consts. (2.15) 

(JiO 

It is important that all these results are invariant under the FLTs (2.7) of 5*0(5) and globally 
true in Beltrami atlas patch by patch. 

In terminology of projective geometry, Beltrami coordinates are inhomogeneous projective ones. 
But, antipodal identification should not be taken here in order to preserve orientation. The great 
circles on 4-d Riemann-sphere (2.1) are mapped to straight-lines (2.14) in Bi, and vice versa. 
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B. The Beltrami model of dS'-spacetime via an inverse Wick rotation 



From an inverse Wick rotation [4, 5] of the 5-d embedded space, which turns C,^ to be time-hke, 
the Riemann-sphere S*^ C (2.1) becomes the rfS'-hyperboloid Hi C M^'^: 

Hi : rjAB^^^'' = eJ^ = -l\ (2.16) 
ds"^ = 7]ABd^^d^^ = di'jdi, (2.17) 
dpHi : riABi'^e = i'Ji = 0, A, 5 = 0, ■ • • , 4, (2.18) 

where J = {tiab) = diag(l, — 1, — 1, — 1, — 1) and dp denotes the projective boundary. They are 
invariant under dS-gronp 50(1,4): 

^ ^ ^' = S^, S'JS = J, ySe 50(1,4). (2.19) 

The great circles on the Riemann-sphere (2.1) now transfer to a kind of uniform 'great circular' 
motions of a particle with 'mass' mi characterized by a conserved 5-d angular momentum on Hi C 

^ = 0, £^^:=,n,(e^§!-e^^), (2.20) 
as as as 

with an Einstein-like formula for 'mass' m; 

-I^C^^Cab = ml Cab = VacVbdC^''. (2.21) 
Further, a 'simultaneous' 3-hypersurface of = const is an expanding S^: 

«V = I' + ie?, i,J =!,■■■ A; (2.22) 

dp = dijdi^i-^. 

The generators of so(5)-algebra become the ones of (iS'-algebra so(l,4), which read {h = 1) 

CAB = ](^U^-^B^y U = VABe, (2.23) 

or the Killing vector fields (without i) on dS'-hyperboloid. They are globally defined on the dS- 
hyperboloid. 

The first Casimir operator of the algebra is 

Ci := —r'CABC^'', := r/^V^^CD, (2.24) 

with eigenvalue mf, which gives rise to the classification of the 'mass' rrii. 

It is clear that the i^dS'-space can be given either by the Beltrami model of Riemann-sphere via 
an inverse Wick rotation or by the generalized 'gnomonic' projection without antipodal identification 
of the rf5-hyperboloid Hi C M^'^. 
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Thus, there exists Beltrami coordinate atlas covering rfS'-space patch by patch. On each patch, 
there are condition and Beltrami metric with r/^j, = diag(l, —1, —1, —1): 

a{x) = a{x, x) := 1 - r'^rj^^x^x'' > 0, (2.25) 
ds^ = [v^.u(r-\x) + l-\xVu.x^x^a-\x)]dx''dx''. (2.26) 

Under FLTs of ^0(1,4), 

xf'^x^' = ±a^/^{a)a~\a,x){x'' - a'')D^, 

= L>^ + r\xa^a%aia) + a'/\a)r'L>:^, (2.27) 
L := (L;;)e 50(1,3), 

which transform a point y4(a'^) with (T(a'^) > to the origin, the system S{x) transforms to S{x) and 
the inequality (2.25) and Eq.(2.26) are invariant. 

In such a BdS, the generators of FLTs or the Killing vectors read 

= (<^; - l-^x^x^d,, x^ := r/^,x^ (2.28) 
L^u = Xi^q^ - x^Qf, = Xf,d^ - x^df, G so(l, 3), (2.29) 
and form an so(l,4) algebra 

[L^u, L^x] = VukL^.x - rfyxL^LK + 'H^.xLy^ - ri^^L^x- (2.30) 

Thus, for a set of 'circular observers', a set of observables that consist of a 5-d angular mo- 
mentum conserve for the uniform 'great circular' motions, satisfying an Einstein-like formula (2.21) 
corresponding to (2.24), etc. 

It should be mentioned that for the o?5'-hyperboloid Hi C M^'^, the above i?o?5'-space with Beltrami 
coordinates defined by Eq.(2.4) is with respect to a time-like 'gnomonic' projection, i.e. x° is a 
temporal coordinate, and that there might be other kinds of Beltrami-like coordinate systems with 
respect to null and space-like 'gnomonic' projection, respectively (see Appendix A). However, only the 
time-like 'gnomonic' projection discussed here should be taken, if we require that the transformations 
of S0{1, 3), as a subgroup of the dS group, acting on the coordinates take the same form as that of 
homogeneous Lorentz group in the Minkowski case or that under — oo all (iS'-transformations be 
back to the Poincare ones. 

It should also be noted that the 4-d Riemann-sphere may be regarded as an instanton with 
an Euler number e = 2 in the sense that it is a solution of the Euclidean version of gravitational 
field equations, it provides a tunneling scenario of BdS [5]. It will be shown that this is the case in 
a simple model of dS-gravity [24, 27] as in the general relativity. 

III. DE SITTER SPECIAL RELATIVITY 

It has been shown that the dS special relativity can be formulated based on the principle of 
relativity [2-5] and postulate on universal invariants c and R [4-6]. In fact, the most important 
properties in dS special relativity can be given in a BdS-m.ode\ with / = R [4-6]. 
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A. The law of inertia and the generahzed Einstein's formula 



Why there is a law of inertia in the c/S'-spacetime? This can also be seen from another angle: the 
most general transformations among inertial systems, in which a free particle moves of inertia with 
constant coordinate velocities. 

In fact, Umow, Weyl and Fock studied what are the most general transformations between two 
inertial systems (see, e.g. [32]). If in an inertial system S{x), an inertial motion is described by 

x'' = Xq + v\t - to), v"- = — = consts, (3.1) 
and in another inertial system S'{x'), it may be described by 

x" = x'i + v'\t' - t'o), v'" = ^ = consts, (3.2) 

Fock proved [32] that the most general transformations between two systems, x'^ = /'^(t, x*), are 
fractional linear with a common denominator, which is the same as the FLTs in (2.27). In Appendix 
B, we present a new proof for this theorem. 

Thus, there is a law of inertia in Beltrami coordinates (2.4) of dS with curvature radius / = R: The 
free particles and light signals without undergoing any unbalanced forces should keep their uniform 
motions along straight world-lines in the linear forms in dS -space. 

For such a free particle, there are a set of conserved observables along a time-like geodesic: 

1 , , dx^ dp^ 

Lf"" = - xV, —— = 0. (3.4) 

ds 

They are just the inverse Wick rotation counterparts of (2.15) as the pseudo 4- momentum, pseudo 
4-angular-momentum of the particle and constitute a conserved 5-d angular momentum (2.20). 
In terms of p'^ and L'^'^, the Einstein-like formula (2.21) becomes: 



;C^^C^s = E^- P'c^ - t4^(i,3) = <c\ (3.5) 



E^ = mlc'+p^c^ + ^f-^k^ (3.6) 

with energy E, momentum p*, pi = Sijp' , 'boost' k^, ki = Sijk^ and 3-angular momentum j*, ji = 
It can be proved that they are Noether's charges with respect to the Killing vectors (2.28). 

It should be emphasized that since the generators in (2.23) are globally defined on the dS- 
hyperboloid, they should also be globally defined in the Beltrami atlas patch by patch. Thus, there 
is a set of globally defined ten Killing vectors in the Beltrami atlas, and correspondingly there is a 
set of ten Noether's charges forming a 5-d angular momentum C^^ in (2.20) globally in the Beltrami 
atlas, though the physical meaning of each Noether's charge depends on the Beltrami coordinate 
patch used. This issue will be explored in detail elsewhere. 
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Note that m|j, now is the eigenvalue of the first Casimir operator of dS-gioup, the same as the 
one in (2.24) with / = R. And also note that we can introduce the Newton-Hooke constant u [8] and 
link the curvature radius R with the cosmological constant A 

It is very tiny if A is taken as the present value of the dark energy^. Thus, all local experiments, whose 
characteristic spatial and temporal scales are much smaller than R and u'^, respectively, can not 
distinguish between Einstein's special relativity and dS special relativity. Namely, all experiments 
that prove Einstein's special relativity cannot exclude the dS special relativity. 

The interval and thus light-cone can be well defined as the inverse Wick rotation counterparts of 
(2.8) and (2.9). 

B. Two kinds of simultaneity and closed dS'-cosmos 

Different from Einstein's special relativity, there are two kinds of simultaneity, and there is a 
relation between them reflecting the cosmological significance of dS special relativity. 

The first is of the Beltrami-time t = x^/c for the experiments of inertial-observers with the 
principle of relativity. Similar to Einstein's special relativity, one can define that two events A and 
B are simultaneous if and only if the Beltrami-time coordinate x° for the two events are same, 

a" := x°(A) = x°(fi) =: 6°. 

It is with respect to this simultaneity that free particles move along straight lines with uniform 
velocities. This simultaneity defines a 3+1 decomposition of the Beltrami metric in one patch [4]. 

The second simultaneity is for the proper time r of clocks at rest in Beltrami coordinates with 
the spatial Beltrami coordinates = const. Namely, all events are simultaneous if and only if they 
correspond the same r. 

The two time-scales are related by 

T = Rsmh-\R~^a~^^\x)ct). (3.8) 

If r is chosen as cosmic-time by comoving observers with cosmological principle, the Beltrami-metric 
becomes its Robertson- Walker counterpart [4] 

ds^ = dr^ - dl^ = dr'^ - cosh^ {R-^r)dll, (3.9) 

with dlQ is a 3-dimensional Beltrami-metric on an with radius R. It is an 'empty' accelerated 
expanding cosmological model with a slightly closed cosmos of order R. 



^ The dark energy may have other (dynamical) contributions in addition to the cosmological constant. The assumption 
that the 'observed' dark energy be cosmological constant is just a working hypothesis. 
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Since the Beltrami coordinates are essential for the principle of relativity, the physical simultaneity 
corresponding to comoving observations should be related to the Beltrami coordinate systems in 
a most natural and simplest way. The family of 'static' observers with spatial coordinates = 
consts. in the Beltrami coordinates should be regarded as the comoving ones with respect to the 
corresponding proper-time simultaneity. In fact, the relevant kind of comoving coordinates of (3.9) 
are indeed most natural and simplest in comparison with other kinds of comoving coordinates having 
flat or open 3-dimensional cosmos, respectively. 

If we take E? = 3A~^, our universe is then asymptotic to the closed rfS'-cosmos (3.9). This is 
a prediction different from standard cosmological models in general relativity, in which there is an 
input parameter k to characterize whether the universe is closed or not. This prediction does not 
conflict with the results of WMAP and SDSS [23]^ and can be further checked. 

It is important that the dS-gioup as a maximum symmetry ensures that in dS-spa.ce there are 
the principle of relativity, the cosmological principle of dS-invariance and their relation as well. In 
dS-spa.ce there should be a type of inertial- comoving observers having a kind of two-time-scale clocks, 
measuring the Beltrami-time and the cosmic-time. This reflects that there is an important linking 
the principle of relativity with the cosmological principle of dS'-invariance. Thus, what should be 
done for those inertial-comoving observers is merely to switch their timers from cosmic-time back to 
Beltrami-time according to their relation and vice versa. Namely, once the observers would carry on 
the experiments in their laboratories, they should take their timers switching on Beltrami-time scale 
and off the cosmic-time scale so as to act as inertial observers and all observations are of inertia, 
while when they would take cosmic-observations on the distant stars and the cosmic effects other 
than the cosmological constant as test objects they may just switch off the Beltrami-time scale and 
on the cosmic-time scale again, then they should act as a kind of comoving observers as they hope. 

Similar issues hold for the AdS-space, too. 

C. On thermodynamical properties 

In ordinary approach to dS-space in general relativity, there should be the Hawking-temperature 
and entropy at the horizon [33]. This leads to one of the rf^-puzzles: Why does dS'-space of constant 
curvature look like a black hole and what is the statistical origin of the entropy? 

In the viewpoint of dS special relativity, however, there is a different explanation [7]. From 
Eq. (3.8), it is easy to see that for the imaginary Beltrami-time and the proper-time, there is no 
periodicity for the former since both Beltrami-time axis and its imaginary counterpart are straight- 
lines without coordinate acceleration, but there is such a period in the imaginary proper-time that is 
inversely proportional to the Hawking-temperature ch/ {2'KRkB) at the horizon. If the temperature 
Green's function can still be applied here, this should indicate that for the horizon in Beltrami 
coordinates it is at zero-temperature and that there is no need to introduce entropy. In addition, in 



^ The three year observations of WMAP (Table 12 of the last reference in [23]) show that the central values of Vlk 
systematically lean to negative and the error bar for la is entirely in the region il^ < for the data set WMAP+SDSS 
LRG. 
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dS special relativity, the simultaneity in an inertial frame is defined by its Beltrami-time. A 'test' 
mass moving along any world line with the Beltrami coordinates = const is of inertia and has 
vanishing coordinate velocity. Its 4-proper acceleration, 3- (coordinate) acceleration, 4- (coordinate) 
acceleration, and the relative (coordinate) acceleration between the two nearby observers are all zero. 
Thus, there is no force needed for an inertial observer to hold a 'test' mass in place when it tends to 
the event horizon. Namely, there is no 'surface gravity' on the event horizon in rfS'-spacetime in the 
viewpoint of dS special relativity [7]. 

On the other hand, it can be shown that the non-vanishing surface gravity on rfS'-horizon given 
in general relativity is actually a kind of inertial force, which leads to the departure from an inertial 
motion. For example, the observer near the dS-horizon static with respect to the Killing time is 
of non- inertia. Therefore, although there are Hawking-temperature and entropy S = irB^c^kB/Gh 
at the horizon in other coordinate-systems such as the static and the Robertson- Walker-like ones 
(3.9), they are not caused by gravity but by non-inertial motions. This is also in analogy with the 
relation between Einstein's special relativity in Min/c-space and the horizon in Rindler-coordinates. 
The temperature at the Rindler-horizon is caused by non-inertial motion rather than gravity [7]. 



IV. SNYDER'S QUANTIZED SPACE-TIME AND DSR 



Snyder considered the homogenous quadratic form 

2 2 2 2 2 2 AB ^ n f A ^\ 

-V =Vo-Vi-V2-%- V4 ■= V VaVb < 0, (4.1) 

partially inspired by Pauli. It is a model via homogeneous (projective) coordinates of a 4-d momentum 
space of constant curvature, a dS-space of momenta. Snyder's model of (4.1) may be reviewed as a 
o?5'-hyperboloid (2.16) in 5-d space of momenta, the inverse Wick rotation of (2.1), if we identify tja 
with {a/l)^A with a common factor {a /I) ^ where a is near or equal to the Planck momentum, 
proportional to the inverse of the parameter a in Snyder's model: 

: V^^'VAVB = -a\ (4.2) 
dsl = r]^^dr]Adr]B: (4.3) 
dpH^ : r/^^r/^r/B = 0. (4.4) 

It should be pointed out that we may consider a massive 'particle' with a 5-momentum Pa = 
f^icrjAB^^ moving on the (i5'-hyperboloid embedded in a 5-dimensional Min/c-space Hi C M^'^ 
(2.16). Then, Snyder's condition (4.1) or (4.2) of momenta indicate that it is satisfied by the particle's 
5-momentum Pa if the particle could be a 'tachyon' with mf < 0: 

t^^^PaPb = m^c^ < 0. (4.5) 

In fact, this is a general issue not only for Snyder's model, but also for other DSR models, which 
may be transformed from Snyder's one (see, e.g. [15]). 

Further, a Beltrami model of dS-spa.ce of momenta may also be set up on a space of momenta: 

po:=a— = a—, ■= a— = a—. (4.6) 
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Quantum mechanically according to Snyder, in this 'momentum picture' the operators for the 
time-coordinate t and the space-coordinates f * should be given by 

:= z(#- + a-Vp'^^), (4.7) 



' dp^ dp' 
x° := - a-'pY^), x° = ct, p'' = r^p,. 

They form an 50(1, 4) algebra together with the 'boost' M* = x^p'^ + x^p^ and '3- angular momentum' 

= jki.^^v'^ ~ x^p^) 

[x\ x'] = ia-h'\L\ X*] = ia-^M„ (4.8) 
[L\ U] = e'\L\ [M\ = i\M\ etc. 

It should be noted that since p^ as inhomogeneous (projective) coordinates or Beltrami coordinates 
in (2.15) after an inverse Wick rotation, one coordinate patch is not enough to cover the (iS'-space 
of momenta in Snyder's model [4]. Since the 4-d projective space RP^ is not orientable, in order 
to preserve the orientation the antipodal identification should not be taken. In Snyder's model, 
the operators x^ are just four generators (2.28) of the dS'-algebra and L'^,M'^ are just the rest six 
generators L^j, in (2.29) of Lorentz algebra so{l, 3). Actually, the algebra (4.8) is the same as (2.30) 
in the space of momenta. 

Similar to Snyder's model, a quantized space-time in AdS-spa.ce of momenta can also be con- 
structed. 

As mentioned in Introduction, most DSR models with K-Poincare algebra can be realized geo- 
metrically by means of other kinds of coordinate systems on dS /AdS-space of momenta [15] other 
than the inhomogeneous projective coordinates used by Snyder's model in (iS'-space of momenta. 
Thus, the relation between these Snyder-like models and DSR (with K-Poincare algebra) may be 
given based on the coordinate transformations on 4-d dS / AdS-space of momenta. 

It is important that in these models after an inverse Wick rotation the inverses of ratios in (2.13) 
become 'group velocity' components of some 'wave-packets': 

dE 

— = consts. E = p^c. (4.9) 

dp"- ^ ^ 

Thus, there is a kind of uniform motions with component 'group velocity' or a law of inertia-like 
hidden in these models. In particular, when the correspondences of /3* in (2.14) vanish, the 'group 
velocity' of a 'wave-packet' coincides with its 'phase velocity'. This is similar to the case for a light 
pulse propagating in vacuum Mm /c-spacetime. 

On the other hand, the treatment parallel to the one on the (iS'-space in general relativity will 
lead to the conclusions that there are 'temperature' Tp and 'entropy' Sp at the horizon in (iS'-space 
of momenta. It is unclear what sense Tp makes in DSR models other than Snyder's. However, 
the treatment parallel to the one in the viewpoint of dS special relativity gives rise to the zero- 
'temperature' Tp without 'entropy'. 
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V. DUALITY BETWEEN PLANCK SCALE AND COSMOLOGICAL CONSTANT 



A. A one-to-one correspondence between Snyder's model and dS special relativity 

It is important to see that there is an interesting and important dual one-to-one correspondence 
in BdS between Snyder's model and dS special relativity as is shown in Table 1. 

Table 1. Dual correspondence of Snyder's model and dS special relativity 



Snyder's model dS special relativity 



momentum 'picture' 


coordinate 'picture' 


BdS-spa.ce of momenta 


So^^-spacetime 


radius a ~ Planck scale 


radius R ~ cosmic radius 


constant 'group velocity' 


constant 3-velocity 


quantized space-time 


'quantized' momenta 


X*, i 




Tp = without Sp 


T = without S 



The dual one-to-one correspondence should not be considered to happen accidentally. Since 
the Planck length and the cosmological constant provide a UV and an IR scale, respectively, this 
correspondence is a kind of the UV-IR connection and should reflect some dual relation between the 
physics at these two scales. 

B. A minimum uncertainty-like argument and the dual correspondence 

In fact, there is a minimum uncertainty-like argument that may indicate why there should be a 
one-to-one correspondence between Snyder's model and dS special relativity. 

Quantum mechanically, the coordinates and momenta cannot be determined exactly at the same 
time if there is an uncertainty principle in the embedded space 

A^'Ar/, > ^, (5.1) 

where / = 1, ■ ■ ■ ,4 and the sum over I is not taken. It should be mentioned that here we simply 
employ the same notation of some observable for the expectation value of its operator over wave 
function in quantum mechanics. 

Limited on the hyperboloid in embedded space, i. e. A^^ < R, and suppose that the momentum 
rjj conjugate to also takes values on a hyperboloid. Then, Arjj < a and the minimum uncertainty 
relation implies Ra ~ h. Note that in this subsection R and a are free radius parameters for dS- 
spacetime and rfS'-space of momenta, respectively. When the size of hyperboloid in the space of 
coordinates is Planck length, namely, 

VAB^^C"" = -4 = -Ghc-', (5.2) 

the hyperboloid in the space of momenta then has Planck scale, 

v'^^VaVb = -El/c^ = -hcyC < 0, (5.3) 
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which is equivalent to the Snyder's relation (4.1). On the contrary, when the scale of hyperboloid in 
the space of momenta is 

V^^'vaVb = (5.4) 

then we have relation (2.16). Therefore, the minimum uncertainty-like argument indicates a kind of 
the UV-IR connection and the one-to-one correspondence listed in the Table 1 should reflect some 
duality between the physics at these two scales. 

This argument may further be supported by a 'tachyon' dynamics as follows. 

Suppose there is a free particle with mass ttir moving along a time-like curve C(?) on dS- 
hyperboloid H^i C M^'^ with an action 

S = - [ d<;L = mnc [ d<;J!iZff, = (5.5) 

C JC{?) Jc{<;) ""^ 

where ^, dimension of length, is an affine parameter for the curve C{q) and it may be taken as ^ = s, 
and L the Lagrangian. 

A (vertical) variation and the variational principle lead to the Euler-Lagrangian equation equiv- 
alent to (2.20) so long as the affine parameter ^ being taken as s. And horizontal variations as Lie 
derivatives with respect to those Killing vectors show that the 5-d angular momentum is Noether's 
charges. We may also introduce an action with a Lagrangian multiplier for the embedding condition 
(2.16) and the results are the same. 

In order to find its phase space, we may take a Legendre transformation to get a Hamiltonian and 
suppose the basic Poisson brackets as usual. Alternatively, we may also take a 'vertical' differential 
dv of the Lagrangian and from d^L = 0, we may further read off the symplectic form and canonical 
variables (see, e.g., [34]). Here dy is nilpotent and ant i- commutative with d^ := d above or it may 
also be regarded as a nilpotent 'external' variation. Thus, we have 

dyL = S + ^e, (5.6) 
dq 

where 

S = -r]ABm^c{^^ - i?-2e^)d„e^ (5.7) 
is called Euler-Lagrange 1-form [34], 

e = mj.crjABt^:^'' (5.8) 

the symplectic 1-form, and ( the parameter in the action (5.5). Then, from the nilpotency of d^, it 
follows a necessary and sufficient condition for the preserving of a symplectic form 

= dlL =^1^ + dv£, (5.9) 



where the symplectic structure may be given in the canonical form as 

de 
ds 



u = dy$ = dyPs A dy^^, Pb ■■= m^crjj^B——, (^ = s). (5.10) 
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Here Pb are canonical momentum for the canonical formalism. This symplectic structure (5.10) 
shows that (^^, Pb) should be a set of canonical variables on the phase space with basic Poisson 
brackets given by the symplectic structure: 

{^^PB} = St (5.11) 

Then, the conserved quantities L^^ for the particle form an 5o(l,4) algebra in Poisson bracket: 

{L^^, L^^} = r/^^L^^ - r/^^L^^ + r/^^L^^ - r/^^L^^. (5.12) 

It should be noted that the canonical momenta Pb for the particle automatically satisfy (4.5), if we 
would identify Pa with 77^. This should imply that the particle be a 'tachyon' on Hr C M^'^. 

Quantum mechanically, the canonical variables (^^, Pb) with their Poisson brackets (5.11) become 

■■= t^""' ^b] = -tMt (5.13) 

in a coordinate picture. And the conserved quantities L"^^ become the operators Cab of (2.23), 
which lead to a dS-algebra in Lie bracket. We may also write them in a momentum picture. 

Further, on a 'simultaneous' 3-hypersurface = const., we may have an uncertainty relation like 
(5.1) for such a 'tachyon' quantum mechanically. Thus, such a 'tachyon' dynamics may support why 
there is a one-to-one dual correspondence of Snyder's model and dS special relativity. 

We may also study such a 'tachyon' dynamics directly in a BdS-m.o(\e\. This should lead to the 
operators t and in (4.7) in a momentum picture given by Snyder in his model. 



C. The duality between Planck scale and cosmological constant 

It is clear that both Snyder's model and dS special relativity may deal with the motion of relativis- 
tic particles. In dS special relativity, the momenta of a particle are quantized and noncommutative, 
while in Snyder's model, the coordinates of a particle are quantized and noncommutative. These are 
listed in Table 1 for the one-to-one correspondence between them. As was mentioned at beginning, 
however, the dimensionless constant g^ip/R in (1.1) contains Newton's gravitational constant and 
thus should describe some gravity. Therefore, we may make such a conjecture: the physics at such 
two scales should be dual to each other in some 'phase' space and there is in-between gravity of local 
dS-invariance characterized by g. 

It is interesting to notice that g^ is in the same order of difference between A and the theoretical 
quantum 'vacuum energy', there is no longer the puzzle in the viewpoint of the dS special relativity 
and gravity with local (iS'-invariance. 

However, since A is a fundamental constant as c, G and a further question should be: What is 
the origin of the dimensionless constant gl Is it calculable? 

It is just the first question of the 'top ten' [35]: 'Are all the (measurable) dimensionless parameters 
that characterize the physical universe calculable in principle or are some merely determined by 
historical or quantum mechanical accident and incalculable?' 
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It is important to note that there are some hints on the answer for this dimensionless constant g. 
First, since among 4-d Euchd, Riemann and Lobachevski spaces there is only the Riemann- sphere 
with non-vanishing 4-d topological number. Thus, if there is a quantum tunneling scenario for the 
Riemann-sphere S"^ as an instanton of gravity to the dS-spa.ce, this can explain why the cosmological 
constant should be positive, i.e. A > 0. We should show in the next section that in a simple 
c/S'-Lorentz model of dS-giavitj this is just the case. 

Further, if the action of the (iS'-gravity is of the Yang-Mills type, then its Euclidean version is of a 
non-Abelian type with local 5*0(5) symmetry. Thus, due to the asymptotic freedom mechanism, the 
dimensionless coupling constant, say g, should be running and approaching to zero as the momentum 
tends to infinity. However, for the case of gravity, the momentum could not tend to infinity but the 
Planck scale so that the Euclidean counterpart of the dimensionless coupling constant should be very 
tiny. 

Needless to say, to completely explain this problem is still a long way to go. 

VI. HOW TO DESCRIBE GRAVITY CHARACTERIZED BY g7 

A. Gravity as the localization of relativity with a gauge-Hke dynamics 

In order to explain how to describe gravity, we should first recall Einstein's equivalence principle, 
which says roughly that the laws of physics in a freely falling (nonrotating) lift are the same as those 
in inertial frames in a flat spacetime. Some scholars even say that the spacetime for a freely falling 
observer will be that of Einstein's special relativity (known as Mmfc-spacetime) [36]. It is well known 
that in a Mmfc-spacetime the full Poincare symmetry should hold. However, in Einstein's general 
relativity only the local Lorentz symmetry is preserved in a local frames [29, 30, 37]. One may 
establish the gauge theory of local Poincare symmetry for gravity [29-31], which may be regarded 
as the localization of Einstein's special relativity with full Poincare symmetry. Similarly, one may 
established the gauge theory of local dS / AdS-sjmmetry based on the localization of dS/AdS special 
relativity, respectively. In this sense, the gauge theory of gravity should be based on the localization 
of corresponding special relativity with full symmetry. 

As for the dynamics of gravity, we may expect that the gravity is governed by a gauge-like 
dynamics with the dimensionless coupling constant g. This is also in consistent with the localization 
of special relativity. Of course, correct equations should pass observation tests for general relativity 
at least. 

How to properly describe gravity based on the localization of dS special relativity and governed 
by a gauge-like dynamics is still under investigation. In the following we shall show that these points 
have been indicated by a simple model of (iS'-gravity [24-27] on a kind of umbilical manifolds of local 
rfS-invariance in a special gauge [25]. 
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B. Localization of d5-hyperboloid on umbilical manifolds 

Simply speaking, the spacetimes with gravity of local rfS'-invariance may be described as a kind 
of (3 + l)-dimensional umbilical manifolds Ai^'^ := IH}'^ as sub-manifolds of (4 + l)-dimensional 
Riemann-Cartan manifolds In surface theory [38], a surface is umbilical if the normal curva- 

tures at its each point are a constant. A sphere of radius i?, S'^ C E^, is such an umbilical surface, 
on which 

g^,^ = Rb^^, (6.1) 

holds at each point, where (7^,^, bf^^, are the first and second fundamental form of the manifold, respec- 
tively. The localization or the fibration of S*^ C may lead to a 2-dimensional umbilical manifold 

with all points being umbilical as a submanifold of a 3-dimensional manifold S^. It is in this way 
the localization of a (iS'-hyperboloid Hr C M^''^ could be realized [25]. 

Let us now illustrate how to construct such an M.^'^ := H^'^ C J^^'^. 

Suppose H^'^ is also of Riemann-Cartan with signature —2. Thus, for any given point Vp G Ti.^'^, 
there is a local Mmfc-space as the tangent space at the point, Tp(7i^'^), and given a vector Np = Rup 
of norm R at the point with an Up as the unit base of space normal to TpilH}'^) with a metric of dS- 
signature in M.^'^. Then the space Tp x A'^^ = M^'^ is tangent to J^^'^ at the point. Thus, under local 
(iS'-transformations on Tp x = M^'^ there is a local hyperboloid structure Hf> C M^'^ isomorphic 
to the (iS'-hyperboloid H^^ C M^'^ in (2.16) at the point p as long as Rup = —Vp is taken, where Vp 
is the radius vector. In fact, all these points consist of the umbilical manifold Ai^'^ := IH}'^ c M.^'^. 

This construction can also be given in an opposite manner. Suppose there is a local C M^'^ 
anywhere and anytime tangent to the M.^'^ such that at a point p G 7i^'^, the radius vector Yp with 
norm R of the C M^'^ is oppositely normal to the tangent Mm/c-space of 7i^'^, i.e. Yp = —Np, 
at the point. Since this local Mink-space is also tangent to the Hji C M^'^ at the point so that 
the point is an umbilical point in Ai^'^. Thus, 7i^'^ consists of all these umbilical points and is a 
sub-manifold of the Ai^'"^, i.e., Ti^'^ C At^'"^. Such a kind of Riemann-Cartan manifolds 7i^'^ are 
called umbilical manifolds with an umbilical structure of Hji C M^'^ anywhere and anytime. 

Therefore, on the co-tangent space T* at the point p G 7Y^'^ there is a Lorentz frame 1-form: 

^^ = e^dx^ 9\d,)=el, eX = Sl = S^; (6.2) 

with respect to a Lorentz inner product: 

< d^,d^ >= g^,^, < Ca, eb >= rjab, ?7a6 = diag(l, -1, -1, -1). (6.3) 

Here, is the coordinate base of the tangent space Tp. The line-element on 7i^'^ can be expressed 
as 

ds^ = g^^dx^dx^ = 7]ab0''O\ g^, = Vabc'^^el (6.4) 
There is a Lorentz covariant derivative a la Cartan: 

Ve.e, = e\{ea)e,; 6% = B\/x^ , 6\{d,) = B^. (6.5) 
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j^ab _ j^bcj^a^^ ^ so(l,3) are connection coefficients of the Lorentz connection 1-form 6°''' = rf"^9°'^. 
The torsion and curvature can be defined as 

= d,e: - d^el + B\^el - B^^e^- (6.6) 

n\ = de\ + e\ A e\ = \F\^^dx^ a 

They satisfy corresponding Bianchi identities. 

It is easy to get a metric compatible affine connection F'^ from the requirement 



= d,e\ - V^Xx + B\^e^^ = 0, (6.8) 

where ; denotes the covariant derivative with respect to the affine connection F^^^ for spacetime 
indexes and the spin connection B°-^j^ for Lorentz-frame indexes. 

As was just mentioned, at the point p E Ti.^'^, there are a space and its dual A'^* normal to 
7Y^'^ with a normal vector n and its dual u in Tp{M^'^) and T*{M^'^), respectively. Namely, both 
{d^,n;dx\u} and {ea,r^;^^z/} span M^'^ = T^'^ x and M^'^* = T^'^* x N^* . Let these bases 
satisfy the following conditions in addition to (6.3) 

dx^{n) = e\n) = 0, iy{d^) = u{ea) = 0, n(z/) = 1; (6.9) 
< 6(1, n > =< 9^, n > = 0, <n,n>=—l. (6.10) 

Then, the (iS'-Lorentz base {Ea} and their dual {O'^} {A, B = 0, - ■ ■ ,4) can be defined as: 

{EA} = {ea,n}, {Q^} = {e\u}. (6.11) 

And (6.3) and (6.9) can be expressed as 

G^(E^) = 5f, <iA,^i? >=r/^B = diag(l, -1,-1, -1,-1). (6.12) 

Introduce a normal vector A^ = Rn with norm R: 

N = Rn = i^EA, (^"^) = (0,0,0,0,i?), < A^, A^ >= -i?^. (6.13) 

For the (iS'-Lorentz base, there are 

g,u = VABE^E^, VABi^El = 0, nABi^i'' = -R\ (6.14) 

where 

E^ = Q\d,\ {^^} = {e;,0}. (6.15) 
The transformations, which maps M^'^ to itself and preserves the inner product, are 

Ea-Ea = {s')aEb. ^ e = ((s*)-1)/0^, s'js = j, (6.16) 
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where J = (rj^^), S = (5^) G 50(1,4), the superscript t denotes the transpose as in (2.19). The 
transformed base is defined as the dS-ha.se and its dual Ea, 6^, respectively: 

e^{EB)=Si, Q\d^) = E^, <Ea,Eb>=Vab. (6.17) 
g,. = VABE^El^, r]AB^^E;^ = 0, r]AB^^e = -R\ (6.18) 

where Ej^ are the rfS'-frame coefficients. Obviously, these formulas reffect the local c/S'-invariance on 
7i^'^ and Eqs. in (6.18) show that there is a local 4-dimensional hyperboloid H^'^ C M^'^ tangent to 
n^'^ at the point p. Thus, (6.18) may be called the local dS -hyperboloid condition. 
Now the (iS'-covariant derivative a la Cartan can be introduced 

Ve^Eb = Q'^b{Ea)Ec. (6.19) 
qAb _ ^bcqA^ ^ so(l,4) is the dS-connection 1-form. In the local coordinate chart {x^} on 7i^'^, 
i/a^EB = <d^Bid^)Ec = B%Ec, tnEB = Q^B{n)Ec = B^^Ec. (6.20) 

B"^^ = rj^'-'B^Q^ and B^^ = •q^'-^B^Q^ denote the dS-connection coefficients on Ti.^'^. There are also 
the (iS'-torsion fl^, curvature 2-forms Q^b their Bianchi identities. 

Importantly, in the light of Gauss formula and Weingarten formula in the theory of surfaces [38], 
from the dS'-covariant derivative of the dS-Lorentz base (6.11) with properties of 6°', 6^, it follows a 
generalization of Gauss formula and Weingarten formula 

^d,ea = e\{d^)et - bate\d^)n, V a,n = h\e\d^)ea. (6.21) 

Here, hah denotes the second fundamental form of the hypersurface. Since Ti}'^ is supposed to be an 
umbilical manifold, where every point satisfies the umbilical condition (6.1), these formulas read on 

Va^ca = 9\{d,)e, - R-^9a{d,)n, Van = i?"^r(9^)e„. (6.22) 

On the other hand, for the ciS-Lorentz base from (6.19) there are 

Va,e„ = e\id,)e, + e\id,)n, Van = e\id,)ea, (6.23) 

where denotes the (i5'-connection 6 in the dS'-Lorentz frame. 
Comparing with (6.22), it follows 

Q-\d^) = 9''\d^) = B''% Q'^^d^) = R-^e''\d^) = R-^el- (6.24) 
B'^\ = 5"% B'^\ = R-'el. 

Namely, the dS'-connection in the dS'-Lorentz frame reads 

(Dai R^^p'^ 
I ^^"(l'^)- (6-25) 
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This is just the connection introduced in [24-28]. Here, it is recovered from the umbihcal manifolds 
with local dS'-invariance in the dS'-Lorentz frame. 
For the ciiS-connection (6.25), its curvature reads 

where e""^^^ = e^^Chu — e'^eb^,eaij. = VabG^/j,, F°'^^u ^^^d T"^^ are curvature (6.7) and torsion (6.6) of the 
Lorentz- connection . 



C. A simple model of dS'-gravity 

Now we consider the simple model of such dS'-gravitational fields with a gauge-like action. The 
same ciS'-connection with different dynamics has also been explored in Ref. [39-43]. 
The total action of the model with source may be taken as 

'S't = 'S'gym + 'S'm, (6.27) 

where S'm is the action of the source with minimum coupling, and S'gym the gauge-like action in 
Lorentz gauge of the model as follows [24, 26, 27]: 



d!^xe 

M 



-^KuKb" - xiF - 2A) -|rVr/^ . (6.28) 

Here, e = det(e^), a dimensionless constant g should be introduced as usual in the gauge theory to 
describe the self-interaction of the gauge field, x ^ dimensional coupling constant related to g and 
R, and F = \F°'^j^e^^ the scalar curvature of the Cartan connection, the same as the action in the 
Einstein-Cartan theory. In order to make sense in comparing with the Einstein-Cartan theory, we 
should take R = (3/A)^/^, x = / (167rG) and g~^ = 3x^~^A~^. g"^ defined here is the same order as 
the one introduced in Eq.(l.l) in the sense of the duality. This is why we have used the same symbol 
in the different cases. 

The field equations can be given via the variational principle with respect to e""^, 5"''^,^ 

T^w. - n + \Fe^, - Ke^^ = SnGiT^^ + T^^), (6.29) 



Fab'l = R-'ilQ^GS^a^ + S^J). (6.30) 



ab Wv 

In Eqs.(6.29) and (6.30), || represents the covariant derivative compatible with Christoffel symbol 
{^^} and spin connection B%^, F^^' = -F^/^el, F = F^^'e''^, 



_ _15Sm . . 



In what follows, the unit of c = 1 is used. 
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are the tetrad form of the stress-energy tensor for matter and gravity, respectively, where 

1 6 



rp 11 

-'Fa 



4e 5e 



is the tetrad form of the stress-energy tensor for curvature and 

1 6 



(6.33) 



rp /J. 

-'-Ta 



4e (5ef, 



b rr\ UK 



^Krp flXrpb ^ r>t^T^ Xcrrpb 

— ^a-'-b ^ kX a b ^ ^ 

the tetrad form of the stress-energy tensor for torsion; 



'^Mab 



6S- 



M 



-g SB 



ab 



(6.34) 



(6.35) 



and Sq^ij^ are spin currents for matter and gravity, respectively. Especially, the spin current for 
gravity can be divided into two parts. 



C M I 9 C M 
'-'Fab ' ^^Tafe ' 



(6.36) 



where 



'-'Fab 



•^Tab 



-9 6B 



ab 



d^x^/^F 



—e 



-i^M p Xu .yf p 



ab \\v Xv ab 

1 b 1 



Xv'^ab 



^\a ^fe]A 



uX 



(6.37) 



(6.38) 



For the case of spinless matter and torsion- free gravity, the curvature F becomes the torsion- 



are the spin current for curvature F and torsion T, respectively 
■ sp 

free curvature Tiait^ , the gravitational action (6.28) becomes 

Sgym = d^xeTtdsi'R-fiu'^ 



d xe 



M 



l^KM' - xiR - 2A) 



4g2 



(6.39) 



and the field equations (6.29) and (6.30) become the Einstein- Yang equations [44] with A-term 

1 



a 

'^ab \\u 



0. 



Ra )i 



(6.40) 

(6.41) 
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Now, II is the covariant derivative compatible with the Christoffel and Ricci rotation coefficients. 
'^Ra — ^a'^Ru tetrad form of the stress-energy tensor of Riemann curvature TZg^f,'^'^ G 5o(l, 3). It 
can be shown [45] that 

= 2C,-7^^ + |(7^;-i7^5p, (6.42) 

where TZkuhX is the Riemann curvature tensor, TV^^^^y^ = ^T^Karp^^'' is the right dual of the Rie- 
mann curvature tensor, Cx^^^y is the Weyl tensor. In the last step in (6.42), the Geheniau-Debever 
decomposition for the Riemann curvature. 



TI^vkX — Cfj^uKX + E^y^x + Gfj^uKX, (6.43) 



Ef,uKX = -{.gpiKSuX + QuxS^n- g^ixSuK.- guKSf^x), (6.44) 







'/ii/kX 


= 1^' 






/ivkX 


~ 12*'' 




— TZ 

'^p,u 



is used [46], where 



C^z/kA = -^{9t,K9uX- 9,ix9uk), (6.45) 
\ng^.- (6.46) 

It is easy to see that for the rfS'-space the 'energy-momentum'-like tensor in (6.42) vanishes and the 
dS-spa.ce satisfies the Einstein- Yang equation (6.40) and (6.41). Therefore, the 4-d Riemann- sphere 
is just the gravitational instanton in this model. In fact, it can be proved that any solution of the 
ordinary vacuum Einstein equation (with A term) has vanishing 'energy-momentum'-like tensor and 
does exactly satisfy the Einstein- Yang equation (6.40) and (6.41). So, this simple model can pass the 
observation tests on solar scale. It can also be shown [47, 48] that Einstein- Yang equations admit a 
'Big Bang' solution. Different from general relativity, T^^jk could play a role as 'dark stuff'. 

Returning to the field equations (6.29) and (6.30), all the terms other than the Einstein tensor 7^^— 
|7^e^ that can be picked up from — |-Fe^ by means of the relation between the Lorentz connection 
B"-'^^ and the Ricci rotation coefficient 7"''^ should play an important role as some 'dark stuff' in the 
viewpoint of general relativity. Thus, the model may provide a more reasonable framework for the 
analysis of dark stuff in the 'precise cosmology'. Furthermore, since the field equations are of the 
Yang-Mills-type, there should be gravitational potential waves of both metric and Cartan connection, 
including the gravitational metric waves in general relativity. 

In fact, this simple model can be viewed as a kind of rfS'-gravity in a 'special gauge' and the 4-d 
pseudo-Riemann-Cartan manifolds should be a kind of 4-d umbilical manifolds with local dS'-space 
together with 'gauged' dS'-algebra anywhere and anytime. In this model, there is the A from the 
'gauge' symmetry so that it is not just a 'dummy' constant at classical level as in general relativity. 
It is important that even in this simple model the dS'-gravity is characterized by a dimensionless 
coupling constant g with ~ Ghc~^R~^. This supports the Planck scale- A duality. 
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Note that with the help of the connection (6.25) valued in so(l,4), different gravitational dy- 
namics can be constructed. For example, MacDowell and Mansouri's approach [39], the dynamics 
is different from here. Recently, via a symmetry broken mechanics for the the connection (6.25) 
from the (iS'-algebra down to the Lorentz algebra has been explored [43] following [40], and via a 
BF-type topological theory Einstein's equation with cosmological constant in general relativity has 
been discussed (see, e.g. [42]). 

VII. CONCLUDING REMARKS 

With plenty of rfS'-puzzles, the dark universe as an accelerated expanding one, asymptotic to 
a de Sitter-space with a tiny cosmological constant A [22, 23] greatly challenges Einstein's theory 
of relativity as the foundation of physics in large scale. It is well known that symmetry and its 
localization play extreme important roles in modern physics. It should also be the case in large scale. 

It is important that there should be three kinds of special relativity [2-13] and their contractions 
[8], and correspondingly there should be also three kinds of theory of gravity as localization of the 
relevant special relativity with some gauge-like dynamics, respectively. While, the Nature may pick 
out one of them. 

We have shown that there is a one-to-one correspondence between Snyder's quantized space-time 
model and dS special relativity. In addition, a minimum uncertainty-like argument indicated by a 
'tachyon' dynamics. Based on this correspondence and the argument, we have made a conjecture 
that there should be a duality in physics at the Planck scale and the cosmological constant, and 
there is in-between the gravity characterized by a dimensionless constant g. 

Gravity in-between these two scales should be based on the localization of dS special relativity 
with a gauge-like dynamics of full localized symmetry characterized by the dimensionless coupling 
constant. A simple model of rfS'-gravity in the Lorentz gauge on umbilical manifold of local dS- 
invariance may support this point of view. 

As the asymptotic behavior of our universe is no longer flat, rather quite possibly a Robertson- 
Walker-like (i5'-spacetime, our universe may already indicate that dS special relativity and dS'-gravity 
with local (i5'-invariance should be the foundation of physics in the large scale. 

Finally, it should be stressed that the cosmological constant A = 3R~^ is regarded as a fundamental 
constant and chosen as the dark energy in cosmological observation. The latter is just a working 
hypothesis. In fact, it is unnecessary to assume that the entire dark energy is composed of the 
cosmological constant because our universe should be described based on the gravity with local 
(iS'-invariance rather than dS special relativity itself. 
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APPENDIX A: THREE KINDS OF BELTRAMI COORDINATE SYSTEMS 



First let us take the 2-d sphere as an example to illustrate the intuitive geometric picture of what 
the Beltrami coordinates mean. We often use a method called gnomonic projection to draw a map, 
i.e., the projection of the earth's surface from the earth's center to any plane not passing through 
the center. Under this kind of projection, the great circles on the earth turn into straight lines on 
the plane. Now if we consider the pseudo-sphere Hi C M^'^ (2.16), the hyperplane of projection 
has three cases: timelike, spacelike and null^. (With a slight abuse of terminology we also call the 
corresponding (pseudo-) gnomonic projection to be timelike, spacelike and null, respectively.) It can 
be proved, anyway, that the geodesies on the dS spacetime Hi turn into straight (world) lines on the 
hyperplane under this kind of (pseudo-) gnomonic projection. These three kinds of hyperplanes of 
projection correspond to three kinds of Beltrami coordinate systems, which we will describe below. 

In the case of a timelike hyperplane of projection, since any timelike hyperplane can be transformed 
to the hyperplane = const under an 5*0(1, 4) transformation, we can only consider the 'gnomonic' 
projection to the hyperplane = /, without loss of generality. If the antipodal identification has not 
been made, the 'gnomonic' projection is, basically, two-to-one: the .^^ > part and < part in the 
dS spacetime Hi have the same image on the hyperplane = /. In order to make a coordinate patch, 
we first consider the .^^ > part (called the patch), and then increase the number of patches 
to cover the rest portion. Let denote the hyperplane = /. Using the mathematical language, 
every point ^ G with > has a one-to-one corresponding point x G P/, whose coordinates are 

^" = C" = ^P, C = i- (Al) 

These coordinates are just the inverse Wick rotated version of the Beltrami coordinates (2.4). 
From the definition (2.16) of Hi, it is easy to show that x'^ must satisfy the condition (2.25) and the 
metric (2.26) follows. On the hyperboloid a{x) = of two sheets, the metric becomes singular. In 
fact, cr(x) = is nearly one half of the projective boundary of Hi [49] (see Figure 1).^ The inverse of 
the metric (2.26) is 

g'^'^ = a{x){r]>"' -r^^x"). (A2) 

Now we consider the .^^ < part (called the patch). It is obvious that this part can be gnomoni- 
cally projected to the hyperplane = — / (called P^), with the corresponding Beltrami coordinates 

^ -^P. (A3) 

It is not difficult to imagine that there should be at least eight such patches {U^,a = 1, ■ ■ ■ ,4} to 
cover the whole Hi, with the Beltrami coordinates for a = 1, 2, 3 defined as 

x'' = ±l^, iy = 0,--- ,4, r^O. (A4) 



^ Hereafter the terms timelike, spacelike and null for the hyperplane means that the signature of the hyperplane is 

non-definite, negative definite and degenerate, respectively. 
^ The other half of the projective boundary of Hi can be nearly described by cr{x) = with the corresponding Beltrami 

coordinates on the patch (see below). 
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The hyperplanes of projection corresponding to {a = 1,...,4) are timelike. Evidently, these 
patches can be related by 50(1,4) transformations. 
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FIG. 1: The 2-d illustration of the Beltrami coordinates from the timelike gnomonic projection, where the 
hyperbola ct(x) = is nearly one half of the projective boundary of the dS spacetime, and the interior 
cr(x) > contains the points in the dS spacetime. 



The Beltrami coordinate systems have intimate relation with projective geometry. In fact, the 
Beltrami metric (2.26) can be obtained purely through methods in projective geometry, where the 
projective boundary (the hyperboloid (y{x) = of two sheets for the case of timelike 'gnomonic' 
projection above) is just the so-called absolute [49]. The methods in projective geometry clearly 
shows that, under the Beltrami coordinates, timelike, null or spacelike geodesies in the dS spacetime 
are straight lines crossing, tangent to or apart from the absolute, respectively. 

This conclusion holds not only for the case of timelike 'gnomonic' projection, but also for the 
case of null and spacelike 'gnomonic' projections that will be discussed below, the only difference 
being the distinct absolute in each case. The Beltrami coordinates from the timelike 'gnomonic' 
projection has the advantage over the ones from the null and spacelike 'gnomonic' projections that 
all the relevant expressions tend to their Mm/c-counterparts under the fiat limit I ^ oo. 

In the case of a null hyperplane of projection, it is convenient to defined the following 'light-cone' 
coordinates: 

e = ^^, r = ^^- (A5) 

As well, without loss of generality, we can only consider the 'gnomonic' projection to the hyperplane 
^~ = /. The corresponding Beltrami coordinates on the ^" > patch are 

x'' = l^, ^ = +,1,2,3, (A6) 



26 



where x^^ satisfy'^ 

q{x) = 2Zx+ -x^ <0. (A7) 
Under this kind of Beltrami coordinates, the metric reads 

ds^ = l\-\x)dx^ + fq-\x){ldx+ - X ■ dxf. (A8) 

On the paraboloid q{x) = 0, which is nearly one sheet® of the projective boundary of the dS spacetime 
(see Figure 2), the metric becomes singular. The corresponding inverse metric is 

(gn = I I , (A9) 
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FIG. 2: The 2-d illustration of the Beltrami coordinates from the null gnomonic projection, where the 
parabola <;{x) = is nearly one sheet of the projective boundary of the dS spacetime, and the lower region 
<;(x) < contains the points in the dS spacetime. 



In the case of a spacelike hyperplane of projection, again we can only consider the 'gnomonic' 
projection to the hyperplane = /, with the corresponding Beltrami coordinates on the > 
patch: 



= a = 1,2, 3, 4, (AlO) 

where x°' satisfy 

a{x) = 1 - l-'^6apx''xf^ < 0. (All) 



^ In this paper, we use bold italic letters x, y etc to stand for 3-d vectors. 
^ The projective boundary of the dS spacetime has topology x Z2. 
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Under this kind of Beltrami coordinates, the metric is 

ds'^ = [6apa-\x) + l-'^5^^5psx^x^a-'^{x)]dx"dx^. (A12) 

On the 3-sphere (t{x) = the metric becomes singular, which is one sheet of the projective boundary 
of the dS spacetime (see Figure 3). The corresponding inverse metric is 

(^"'3 = a(x)(r^-/-Vx^). (A13) 
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FIG. 3: The 2-d illustration of the Beltrami coordinates from the spacelike gnomonic projection, where the 
circle (t{x) = is one sheet of the projective boundary of the dS spacetime, and the exterior < 

contains the points in the dS spacetime. 



APPENDIX B: ON THE GENERAL TRANSFORMATIONS AMONG INERTIAL MO- 
TIONS 

Theorem (Fock's theorem): 

If, under a coordinate transformation (x*) — > (x'*) on an n-dimensional region, a straight line 
a;* (A) = Xq + A?;* (where w*'s are constants) is always transformed to be another straight line, then 
there must be constants A*^-, 5*, Ci and C such that 

C^x^ + C ^""'^ 
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and 



A\ A\... A\ 

2 

2 



A\ A^ 



A\ A\ . 
C\ C2 ■ 



A\ 5" 

Cn. C 



7^0. 



(B2) 



Proof: As assumed, there should be constants v'^ and A' = A'(A) such that the straight hne 
x*(A) = Xq + Aw* are transformed to be a straight hne x'*(A') = Xq + A'f'*, namely, 

x'\xq + \v) = x''{xo) + X'{X)v'\ 

Differentiating it twice with respect to A, we obtain 

.dx'\ ^ , dA' 
v^^ixo + Xv)=v -, 

Since we can always assume dX'/dX > 0, the above equations give 



dxWx' 



:{xo + Xv) = 



dxi ^ 

dX 



For any point (x*), there is always a straight line passing through it, with the tangent vector 

at (x*). Obviously, ^-/^ at (x*) depends not only on (x*) but also on v\ Therefore, there will be 

a function f{x,v) such that 

I, d'^x" ■ dx" „ , , 
ox^ ox'^ ox^ 

Observe the above equation. We see that f{x,v) must be linear for v^. Thus, there are functions 
/j(x) such that 



dx^dx^ dx^ ^'^^ ^ ~^ dx^ ^ 
The Jacobian J(x) = det (^j) is nonzero everywhere. Its partial derivatives can be obtained in 
the standard way as 

dJ d'^x'^ . I. d'^x'^ dx^ 



r - r A'' - r r 

dx^ dx^dx^ dx'^dx^ dx'^ 



J, 



where A*^ = J is the algebraic complement of in J. Applying Eq. (B3) to the above yields 

1 d 



fk 



n 



1 dx'^ 



InlJl 



(B4) 



From Eq. (B3) we obtain 



dx'^ dfk dx'^ dfj dx'' 



dxWx^dx^ dx^ dx'- dx^ dx'- dx^ 



dx'^ 
dx' 
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Cycle the indices j, k and I in the above and add them together. We thus have an expression of 



dx'' f dfi dfk \ dx'' ( dfj dfA dx'' f dfk df. 



+ 



+ 



dx^ \ dx^ dx^ j dx^ \ dx^ dx^ J dx^ \ dx^ dx^ 



+ 



+ 



(B5) 



Using the above two equations we obtain 



9fk , dfj 



- + 



dx^ dx^ 

Since the two terms on the left hand side are equal (see, Eq. (B4)), we have 



dx^ 



fjfk- 



(B6) 



Using the above equation and Eq. (B4), we can verify that the partial derivatives of \J\ 
are zero. Thus there are constants Ci such that 

Substituting it into Eq. (B4) we can solve 

= Qx' + C (B8) 

with C an integral constant. And, from eqs. (B3), (B4) and (B6) we can check that 

92 / . 



dx^ dx^ 



0. 



(B9) 



Therefore, Eq. (Bl) is satisfied. 

It can be verified that, if the coordinate transformation Eq. (Bl) is satisfied, then a straight line 
is always transformed to be a straight line. I 

The Jacobian of the transformation (Bl) is, in fact. 



J{x) 



D 



{dx^ + C)^ 



+1' 



D 



C, C 



(BIO) 



In the proof, we have obtain that \J\ = l/(CjX' + C)""^^. This implies that D = ±1 in the proof. In 
fact, we can always require that 

D = l (Bll) 

in the transformation (Bl). 
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